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ABSTRACT. The analytic solution for the unsteady magnetohydrodynamic (MHD) flow of Maxwell fluid in 
long porous rectangular cross-section is studied. Two flow problems are considered: (i) Flow in an 
oscillating rectangular duct and (ii) Flow in a duct induced by an oscillating pressure gradient. The 
problems are solved by applying the double finite Fourier sine and Laplace transforms by taking into 
account the modified Darcy's law. The effects of magnetic parameter and porosity of medium on the 
velocity profile, the corresponding tangential tensions and volume flow rate for both the problems, and the 
influence of various material parameters on the velocity profile for   the second problem are presented 
graphically and discussed. 
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1. INTRODUCTION 
The research of non-Newtonian fluids plays an important 
role in many engineering and industrial applications due to 
their behavior. In order to describe the behavior of non-
Newtonian fluids, numerous constitutive models have been 
proposed. A rate type model, which is widely used is due to 
Maxwell. W. Akhtar et al. [1] discussed the unsteady flow of 
a Maxwell fluid induced by a constantly accelerating plate 
between two side walls perpendicular to the plate and 
obtained exact solutions for the velocity field and tangential 
stresses by means of the Fourier sine transforms. T. Hayat et 
al. [2]studied the unsteady flow of a Maxwell fluid caused 
by a suddenly moved plane wall between two side walls 
perpendicular to the plane and obtained closed form solution 
employing the Fourier sine transforms. M.E. Erdogan [3] 
discussed the unsteady flow of a viscous fluid due to the 
cosine and sine oscillations of a plane wall and L. Zheng et 
al. [4] developed exact solutions for generalized Maxwell 
fluid flow due to oscillatory and constantly accelerating 
plate. C.K. Chen et al. [5] and W. Akhtar and M. Nazar [6] 
obtained exact solutions for the flows in a circular duct for 
Maxwell fluids and generalized Maxwell fluids respectively. 
H.T. Qi et al. [7] obtained solutions corresponding to the 
unsteady flows of fractional Maxwell fluid in a duct of 
rectangular cross-section analytically and M. Nazar et al. [8] 
extended the problem for flow through oscillating 
rectangular duct. 
The study of flow through porous media is of fundamental 
importance in geo mechanics, biomechanics and industry. 
Flows through porous media include flow of water through 
rocks, regulation of skin and filtration of fluids. Porous 
passages with rectangular cross sections are useful for 
cooling of engineering systems. Following Henry, 
mathematical descriptions of liquid flow in porous media are 
based on Darcy's law. A.K. Johri et al. [9] discussed 
oscillating flow of a viscous liquid in a porous rectangular 
cross-section under the influence of periodic pressure 
gradient. They derived expressions for velocity distribution, 
volume flow rate and drag in the duct. T.G. Prasuna et al. 
[10] examined unsteady flow of a visco elastic fluid through 
a porous media between two impermeable parallel plates 

employing Laplace transformation technique and computed 
expressions for the flow rate and shear stress on the walls. 
The presence of an external magnetic field that effects the 
motion of non-Newtonian fluids, for example blood, is very 
important. G. Ramamurty and B. Shankar [11] discussed the 
effect of  Magnetohydrodynamic on blood flow through a 
porous channel. B. Muck [12] investigated the 
magnetohydrodynamic liquid metal flow around a square 
cylinder placed in a rectangular duct. S. Smolentsev [13] 
discussed magnetohydrodynamic flows in a conducting 
rectangular duct witha non-conducting flow channel insert in 
a constant transverse magnetic field. T. Hayat et al. [14] 
obtained the analytic solution for unsteady 
magnetohydrodynamic flow in a rotating non-Newtonian 
fluid through a  porous medium. M. Khan et al. 
[15]presented MHD transient flows in a channel of 
rectangular cross-section with porous medium. R.M. 
Mohyuddin [16] discussed the Newtonian problem of an 
unsteady MHD flow past an infinite oscillating porous plate 
with general free stream velocity using Laplace transform 
technique. 
The purpose of this paper is to present analytic solutions for 
the MHD flow of Maxwell fluid through porous oscillating 
rectangular duct in the absence of pressure gradient and in a 
rectangular duct of oscillating pressure gradient. The 
expressions for the velocity, corresponding tangential 
tensions and volume flow rate are determined by means of 
double finite Fourier sine and Laplace transforms. To solve 
the problem we have used the usual condition, the first time 
derivative of the velocity is zero at time 0t = . 
2. Governing Equations 

The Cauchy stress tensor,  τ, for an  incompressible Maxwell 
fluid is given by the constitutive equation 

2 ,pI S and S S Dτ λ µ= − + + =&                      (1) 
where p is the hydrostatic pressure, µ is the dynamic 
viscosity, I is the identity tensor, S is the extra stress tensor, 
λ is the relaxation time, S& is the material time derivative of 
Sand D is the deformation tensor. 
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Consider an incompressible Maxwell fluid at rest in a duct 
of rectangular cross-section, whose sides are at x=0, x=d, 
y=0and y=h. At time t=0+, the duct begins to oscillate along 
z-axis. 

The velocity field is of the form 
[8] ˆ( , , ) ( , , ) ,x y t w x y t= =V V k                                    (2) 

where k̂  denotes the unit vector along the z-coordinate 
direction. We will assume that the extra stress S depends 
only on x, y and t, that is 

( , , ).S S x y t=                                                            (3) 
A uniform Magnetic field J B× is applied to the 

fluid, where ( )J σ= + ×E V B  is the current density, σ  is 
the electric conductivity of the fluid, E is the electric field, 
V is the velocity field, B is the total magnetic field, so that 

o= +B B b , where oB is the intensity of applied magnetic 
field and b is the induced magnetic field.  In the present 
analysis, the external electric field and the induced magnetic 
field are assumed to be negligible such that the magnetic 
Reynolds number is small. It is also assumed that the 
magnetic field is perpendicular to the velocity field. 
Thus the Lorentz force due to magnetic field becomes 

2
0Bσ× = −J B V .   (4) 

 The Darcy's resistance in a Maxwell fluid satisfies 
the following expression 

(1 )R
t k

µφλ ∂
+ = −

∂
V ,                                               (5) 

Where φ is the porosity of the medium, µ  is the dynamic 
viscosity, K  is the permeability of the porous medium and 
R is the Darcy's resistance. 
 The unsteady motion of MHD fluid is governed by 
the following equations 

0∇• =V ,                                                                             (6) 

(1 ) ( · )
t

λ τ µ∂
+ = ∇

∂
V ,                                                           (7)                                   

P R
t

ρ τ∂
= −∇ +∇• + × +

∂
V J B ,                                         (8) 

where ρ is the density of fluid. 

3. Flow in an oscillating rectangular duct 

Substituting Eqs. (1)- (5) into Eq. (8) and taking 
into account the initial condition ( , ,0)x y =S 0 , we get 

0xx xy yyS S S= = = , and the governing equation 
2 2

2 2

2
0

( , , ) ( , , ) ( , , )(1 ) [ ]

(1 ) ( , , ) ( , , ), (9)

w x y t w x y t w x y t
t t x y

w x y t w x y t
t k

λ ν

σβ ν φλ
ρ

∂ ∂ ∂ ∂
+ = +

∂ ∂ ∂ ∂

∂
− + −

∂

 

where µν
ρ

= is the kinematic viscosity. 

We consider the following initial and boundary conditions 

( , ,0)( , ,0) 0 for ( , ) (0, ) (0, ), (10 )w x yw x y x y d h a
t

∂
= = ∈ ×

∂
 

(0, , ) ( , , ) ( ,0, ) ( , , ) cos( )
for all , (10 )

w y t w d y t w x t w x h t U t
t b

ω= = = =
 

or 
( , ,0)( , ,0) 0 for ( , ) (0, ) (0, ), (11 )w x yw x y x y d h a

t
∂

= = ∈ ×
∂  

(0, , ) ( , , ) ( ,0, ) ( , , ) sin( )
for all . (11 )

w y t w d y t w x t w x h t U t
t b

ω= = = =

We denote by ( , , )u x y t the solution of problem (9), (10a), 
(10b) and by ( , , )v x y t the solution of problem (9), (11a), 
(11b).  

By introducing the function 
( ) ( )F x, y, t u x, y, t i v(x, y, t)= + ,                             (12) 

we obtain the following problem 
2 2

2 2
( , , ) ( , , ) ( , , )(1 ) [ ]

(1 ) ( , , ) ( , , ), (13)

F x y t F x y t F x y t
t t x y

H F x y t F x y t
t k

λ ν

ν φλ

∂ ∂ ∂ ∂
+ +

∂ ∂ ∂ ∂
∂

− +
∂

=

−

 

( , ,0)( , ,0) 0 for ( , ) (0, ) (0, ), (14)F x yF x y x y d h
t

∂
= = ∈ ×

∂
 

(0, , ) ( , , ) ( ,0, ) ( , , )
for all , (15)

i tF y t F d y t F x t F x h t Ue
t

ω= = = =  

where
2
0H

σβ
ρ

= is the magnetic parameter. 

4.  Calculation of the velocity field 

The solution of the problem (13)-(15) will be obtained by 
means of the double finite Fourier sine and Laplace 
transforms. 
We denote by 

0 0( ) ( , , )sin( )sin( ) ,

for , 1, 2,3,

d h
mn

m nF t F x y t x y dxdy
d h

m n

π π

=

= ∫ ∫

L

 

the double finite Fourier sine transform of function 
( , , )F x y t . 

Let us take 
2 2

0 0 2 2( )sin( )sin( )d h
m n

F FI x y dxdy
x y

λ µ∂ ∂
= +∫ ∫

∂ ∂
 

2 2

2 2

[1 ( 1) ][1 (

, (16

1) ]( ) ( )

( ))

m n

m n mn
m n

i t
m n

F t

U e ω

λ µ
λ µ

λ µ

− − − −
= − + +

× +

where andm n
m n
d h
π πλ µ= = . 

 Applying the double finite Fourier sine transform to 
Eq. (13) and using boundary conditions (15), we obtain 



Sci.Int.(Lahore),25(2),181-194,2013 ISSN 1013-5316; CODEN: SINTE 8 

 

183 

2

2
( ) ( )

(1 ) ( ) ( )

[1 ( 1) ][1 ( 1) ] , 0 (17)

mn mn
mn mn

m n
i t

mn
m n

d F t dF t
H H F t

dt kdt

U e tω

νφλ λ νλ

ν λ
λ µ

+ + + + +

− − − −
= >

 

where 
2 2 ,, 1,2,3, (18)mn m n m nλ λ µ= + = L  

 The double finite Fourier sine 
transforms ( )mnF t of ( )F t has to satisfy the initial conditions 

(0)
(0) 0 for ( , ) (0, ) (0, ). ) (19mn

mn
dF

F x y d h
dt

= = ∈ ×  

 Applying the Laplace transform to Eq. (17) and 
using Eq. (19), we obtain 

2

[1 ( 1) ][1 ( 1) ]( )

1 , (20)
(1 )

m n
mn

mn
m n

mn

U
F s

s i

s H s H
k

νλ
λ µ ω

νφλ λ νλ

− − − −
=

−

×
+ + + + +

 

where 0( ) ( ) st
mn mnF s F t e dt∞ −= ∫ is the Laplace transform of 

the function ( )mnF t and s  is the Laplace transform variable. 
We can write Eq. (20) in the following form 

[1 ( 1) ][1 ( 1) ]( )
m n

mn
m n

UF s
s iλ µ ω

− − − −
=

−
 

[1 ( 1) ][1 ( 1) ]m n

m n

U
λ µ

− − − −
−  

2

2

(1 )
. (21)

( )( (1 ) )mn

s H s H
k

s i s H s Z

νφλ λ

ω λ λ

+ + + +
×

− + + +
 

where 

mn mnZ H
k
νϕνλ= + + . 

Let us take 
2

2

(1 )
( )

( )( (1 ) )mn
mn

s H s H
kL s

s i s H s Z

νφλ λ

ω λ λ

+ + + +
=

− + + +
 

(1 )mn
mn

A
A

s iω
= + −

−
 

2 2

1( ) 1 22{
1( ) ( )

2 2
mn mn

Hs H i
bH bs

λ
λ λωλ

λ
λ λ

+
+ + +

× +
+

+ −

2 2

2 }, (22)
1( ) ( )

2 2

mn

mn

b

bHs

λ
λ
λ λ

×
+

+ −

 

where 
A c i d , (23)mn mn mn= +  

,mn mnc d and mnb are defined by 

2 2

2 2 2 2

2 2

2 2 2 2

2( )

(1 )

( ) (1 )
(24)

(1 )

( )
( )

( )

mn

mn

mn

mn

mn

H
kc

H H
k

H Z H
k

Z H

νφλω λω νλ

νφλω νλ ω λ

νφ ω λ

λω ω λ

− − +
=

− + + + + +

+ + +
+

− + + +

 

2 2 2 2

(1 ) , (25)
(1 )( )

mn
mn

mn

Hd
Z H

νωλ λ
λω ω λ

+
=

− + + +
 

and 
2(1 ) 4 . (26)mn mnb H Zλ λ= + −  

Inverse Laplace transform of function ( )mnL s given in Eq. 
(22) is 

(1 )( ) exp ( ) (1 ) exp
2

1 2cosh( ) sinh( ) . (27)
2 2

( )

{ }
mn mn mn

mn mn

mn

H tL t A i t A

b bH it t
b

λω
λ

λ λω
λ λ

+
= + − −

+ +
+×

 

By applying the inverse Laplace transform and then inverse 
Fourier sine transform to Eq. (21) and using Eq. (27), we 
obtain 

, 1

4( , , ) exp( ) sin( )sin( )m n
m n

UF x y t i t x y
dh

ω λ µ
∞

=

= ∑  

, 1

4 [1 ( 1) ][1 ( 1) ] sin( )sin( )
m n

m n
m n m n

U x y
dh

λ µ
λ µ

∞

=

− − − −
− ∑  

(1 ){ exp( ) (1 ) exp
2

1 2cosh sinh }, (28)
2 2

( )

{ ( ) ( )}
mn mn

mn mn

mn

H tA i t A

b bH it t
b

λω
λ

λ λω
λ λ

+
× + − × −

+ +
+×

 

or 

, 0

sin( ) sin( )16( , , ) exp( ) p q

m n p q

x yUF x y t U t
dh

λ µ
ιω

λ µ

∞

=

= − ∑&

 
(1 ){ exp( ) (1 ) exp

2
( )pq pq

H tA i t A λω
λ

− +
× + − ×  

1 2cosh( ) sinh( ) }, (29)
2 2

( )pq pq

pq

b bH it t
b

λ λω
λ λ

+ +
+×  

where (2 1) , (2 1) , 2 1p qm n p m
d h
π πλ µ= + = + = +

and 2 1.q n= +  

By taking 1 0t and Hλ→∞ + >  in Eq. (29), we obtain 
the following steady-state solution 
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, 0

16 exp( )( , , ) exp( )

sin( ) sin( )
. (30)

s

p q
pq

m n p q

U i tF x y t U i t
dh

x y
A

ωω

λ µ
λ µ

∞

=

= −

× ∑
 

 The velocity fields corresponding to both cosine 
and sine oscillations of the duct obtained from Eq. (29) are 

, 0

sin( ) sin( )16( , , ) cos( ) p q

m n p q

x yUu x y t U t
dh

λ µ
ω

λ µ

∞

=

= − ∑  

(1 ){ cos( ) sin( ) exp
2

(1 )(1 ) 2
(1 )cosh

2

sinh }, (31)
2

( )

( ( )

( ))

pq pq

pq pq pq
pq

pq

pq

H tc t d t

b c H d
c t

b

b
t

λω ω
λ

λ λω
λ

λ

+
× − + −

− + +
− +

×

×  

and 

, 0

sin( ) sin( )16( , , ) sin( ) p q

m n p q

x yUv x y t U t
dh

λ µ
ω

λ µ

∞

=

= − ∑  

sin( ) cos( )

(1 )exp cosh . (32)
2 2

(1 ) 2 (1 )
sinh

2

( )( ( )

( ))

pq pq

pq
pq

pq pq pq

pq

c t d t
bH t d t

d H c b
t

b

ω ω

λ
λ λ

λ λω
λ

⎛ ⎞
⎜ ⎟+
⎜ ⎟
⎜ ⎟+

× − −⎜ ⎟
⎜ ⎟

+ − −⎜ ⎟
+⎜ ⎟
⎝ ⎠

 

 From Eqs. (31) and  (32), the steady-state solutions 
for both 
cosine and sine oscillations are 

, 0

, 0

( , , ) cos( )
sin( )sin( )16 cos( )

sin( ) sin( )16 sin( ), (33)

s

p q
pq

m n p q

p q
pq

m n p q

u x y t U t
x yU c t

dh

x yU d t
dh

ω
λ µ

ω
λ µ

λ µ
ω

λ µ

∞

=

∞

=

−

+

=

∑

∑

 

( , , ) sin( )sv x y t U tω=  

, 0

sin( ) sin( )16 sin( )p q
pq

m n p q

x yU c t
dh

λ µ
ω

λ µ

∞

=

− ∑  

 

, 0

sin( ) sin( )16 cos( ), (34)p q
pq

m n p q

x yU d t
dh

λ µ
ω

λ µ

∞

=

− ×∑
while 

, 0

sin( ) sin( )16( , , )

(1 )exp (1 )cosh
2 2

(1 )(1 ) 2
sinh , (35)

2

( ){ ( )

( )}

p q
t

m n p q

pq
pq

pq pq pq

pq

x yUu x y t
dh

bH t c t

c H d b
t

b

λ µ
λ µ

λ
λ λ

λ λω
λ

∞

=

= −

+
× − −

− + +
+

∑

 

 

0

, 0

sin( ) sin( )16( , , )

(1 )exp cosh
2 2

(1 ) 2 (1 )
sinh , (36)

2

( ){ ( )

( )}

p q
t

m n p q

pq
pq

pq pq pq

pq

x yUv x y t
dh

bH t d t

d H c b
t

b

λ µ
λ µ

λ
λ λ

λ λω
λ

∞

=

= −

+
× − −

+ − −
−

∑

 

are the corresponding transient components 
for1 0Hλ+ > . 
5.  Calculation forτ , the tangential tension 

In our problem, we have xxS S S 0xy yy= = = , and 

1
( , , )1 ( , , ) , (37)( ) x y tx y t

t x
ωλ τ µ∂ ∂

+ =
∂ ∂

 

 

2
( , , )1 ( , , ) , (38)( ) x y tx y t

t y
ωλ τ µ∂ ∂

+ =
∂ ∂

 

1 21 ( , , ) 2 , (39)( ) ( )x y t
t x y

ω ωλ σ λ τ τ∂ ∂ ∂
+ = +

∂ ∂ ∂
 

where 1 2, .xz yz zzS S and Sτ τ σ= = =  

We denote by 1 2( , , ), ( , , )c cx y t x y tτ τ  the 
tangential stresses for the cosine oscillations of the duct and 

1 2( , , ), ( , , )s sx y t x y tτ τ the tangential stresses for the sine 
oscillations of the duct respectively. 

If we introduce 

1 1 1( , , ) ( , , ) ( , , ), (40)c sx y t x y t i x y tτ τ τ= +  

2 2 2( , , ) ( , , ) ( , , ), (41)c sx y t x y t i x y tτ τ τ= +  
into the above Eqs., we obtain 

1
( , , )1 ( , , ) , (42)( ) F x y tx y t

t x
λ τ µ∂ ∂

+ =
∂ ∂

 

2
( , , )1 ( , , ) . (43)( ) F x y tx y t

t y
λ τ µ∂ ∂

+ =
∂ ∂

 

By applying the Laplace transform to Eqs. (42) and 
(43), we obtain 

1
( , , )( , , ) , (44)

1
F x y sx y s

s x
µτ
λ

∂
=

+ ∂
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2
( , , )( , , ) . (45)

1
F x y sx y s

s y
µτ
λ

∂
=

+ ∂
 

From Eq. (21), we obtain 

, 1

2

2

4 [1 ( 1) ][1 ( 1) ]( , , )

sin( )sin( )

(1 )
, (46)

( )( (1 ) )

m n

m n m n

m n

m n

pq

U UF x y s
s i dh

x y

s H s H
k

s i s H s Z

ω λ µ
λ µ
λ µ

νφλ λ

ω λ λ

∞

=

− − − −
= −

−

×

+ + + +
×

− + + +

∑

 

or 

, 0

2

2

sin( )sin( )16( , , )

(1 )
, (47)

( )( (1 ) )

p q

m n p q

pq

x yU UF x y s
s i dh

s H s H
k

s i s H s Z

λ µ
ω λ µ

ν φλ λ

ω λ λ

∞

=

= −
−

+ + + +
×

− + + +

∑
 

where p 2m 1,  q 2n 1= + = + . 
Differentiating Eq. (47) w.r.t. x  and y  

respectively, we get 

, 0

2

2

sin( )16( , , ) cos( )

(1 )
, (48)

( )( (1 ) )

q
p

m n q

pq

yF Ux y s x
x dh

s H s H
k

s i s H s Z

µ
λ

µ

νφλ λ

ω λ λ

∞

=

∂
= −

∂

+ + + +
×

− + + +

∑
 

, 0

2

2

sin( )16( , , ) cos( )

(1 )
. (49)

( )( (1 ) )

p
q

m n p

pq

xF Ux y s y
y dh

s H s H
k

s i s H s Z

λ
µ

λ

νφλ λ

ω λ λ

∞

=

∂
= −

∂

+ + + +
×

− + + +

∑

 
Using Eq. (48) in Eq. (44) and Eq. (49) in Eq. (45), we have 

0
1

, 0

sin( )16( , , ) cos( ) q
p

m n q

yUx y s x
dh

µµτ λ
µ

∞

=

= − ∑  

2

2

(1 )
, (50)

( )(1 )( (1 ) )pq

s H s H
k

s i s s H s Z

νφλ λ

ω λ λ λ

+ + + +
×

− + + + +
 

0
2

, 0

sin( )16( , , ) cos( ) p
q

m n p

xUx y s y
dh

λµτ µ
λ

∞

=

= − ∑  

2

2

(1 )
. (51)

( )(1 )( (1 ) )pq

s H s H
k

s i s s H s Z

νφλ λ

ω λ λ λ

+ + + +

− + + + +
×

Let us take 
2

2

(1 )
( )

( )(1 )( (1 ) )
 pq

pq

s H s H
kG s

s i s s H s Z

ν φλ λ

ω λ λ λ

+ + + +
=

− + + + +
 

( ) ( )
1

pq pq pq pq pq pqB C e g i f h
s i s

λ λ
ω λ λ

+ + +
= + −

− +
 

2 2

1
2

1
2 2

( ) ( )pq

Hs

bHs

λ
λ

λ
λ λ

+
+

× +
+

+ −

 

{
2 ( )p q p q p q

p q

Z f g
b

λ ω
λω

×
−  

2 2

(1 )( ) 2}
1

2 2
( ) ( )

pq

pqpq

pq pq

b
H e g

bb Hs

ω λ λ λ
λω λ

λ λ

+ +

+
+ −

+  

{
2 ( )pq pq pq

i

pq

H Z e h
k

b

νφ λ ω

λω
+

+ − +  

2 2

(1 )( ) 2} , (52)
1

2 2
( ) ( )

pq

pqpq

pq pq

b
H f h

bb Hs

ω λ λ λ
λω λ

λ λ

+ +
+

+
+ −

 

where 
B  e i f ,  C g i h , (53)  pq pq pq pq pq pq= + = +  

e , f ,  g and hpq pq pq pq are given by 

pq
e =  

2 2 2 2

2 2 2 2 2

2( ) 1

[ (2 )] [1 ( )]

( )
pq

pq pq

H H
k

Z H H Z

λνφω λ ω νλ

λω λ ω λ λω

+ + + −
+

− + + −+ +
 

2 2 2 2 2

( )
,(54)

[ (2 )] [1 ( )]

pq

pq pq

H Z
k

Z H H Z

ν φ

λω λ ω λ λω+

+

− + + + −

pq
f =  

2 2 2 2

2 2 2 2 2

2[ ( ) ]

[ (2 )] [1 ( )]

( )
pq

pq pq

H
k

Z H H Z

νφω λ ω νλ λ ω

λω λ ω λ λω

+ − +
+

− + + + + −
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2
2 2

2 2 2 2 2

[ ( ) ]
, (55)

[ (2 )] [1 ( )]

( )
pq pq

pq pq

H
k k

Z H H Z

ν φ νφω λ ω λ νλ

λω λ ω λ λω

− + + + +

− + + + + −
 

2 2

2

2 2

,
( )(1 )

.
( )(1 )

pq

pq

pq

pq

g
k

k

h
k

k

φλ
φ λ λ ω

φωλ
φ λ λ ω

−
=

+ +

=
+ +

                             (56) 

Applying inverse Laplace transform to Eq. (52), we obtain 

exp ( ) exp( )
pq

pq
pq

C tG B i tω
λ λ

= + −  

1exp
2

( )H tλ
λ

+
− −  

( ) ( )
cosh

2
{( ) ( )pq pq pq pq pqe g i f h b

t
λ λ

λ λ
+ + +

×  

{
2 ( )pq pq pq

pq

Z f g
b

λ ω
λω

+
−

 

sinh
2

(1 )( )
} ( )pqbpq pq t

pq

H e g
b λ

ω λ λ
λω

+ +
+  

{
2 ( )pq pq pq

i

pq

H Z e h
k

b

νφ λ ω

λω
+

+ − +
 

(1 )( )
}sinh . (57)

2
( ))}

pq

pq pq pqH f h b
t

b
ω λ λ

λω λ
+ +

+  

 Applying the inverse Laplace transform to Eqs. 
(50) and  (51) and using Eq. (57), we obtain 

1
, 0

sin( )16( , , ) cos( ) q
p

m n q

yUx y t x
dh

µµτ λ
µ

∞

=

= − ∑  

1exp( ) exp( ) exp
2

( ( )pq
pq

C t HB i t tλω
λ λ λ

+
+ − − −×  

( ) ( )
cosh

2
{ ( )pq pq pq pq pqe g i f h b

t
λ λ

λ λ
+ + +×  

2 ( ) (1 )( )
{ pq pq pq pq pq

pq

Z f g H e g
b

λ ω ω λ λ
λω

+
− + + +  

2 ( )( )
{

( )
pq

pq pq pqH H e h
k ki

b

νφ ν φλ νλ ω

λω

+ − + + +
+  

(1 )( )
} sinh , (58)

2
} ( )})

pq

pq pq pqH f h b
t

b
ω λ λ

λω λ
+ +

+  

2
, 0

sin( )16( , , ) cos( ) p
q

m n p

xUx y t y
dh

λµτ µ
λ

∞

=

= − ∑  

1exp( ) exp( ) exp
2

( ( )pq
pq

C t HB i t tλω
λ λ λ

+
× + − − −  

( ) ( )
cosh

2
{ ( )pq pq pq pq pqe g i f h b

t
λ λ

λ λ
+ + +×  

2 ( ) (1 )( )
{ pq pq pq pq pq

pq

Z f g H e g
b

λ ω ω λ λ
λω

+
− + + +  

2 ( )( )
{

( )
pq

pq pq pqH H e h
k ki

b

νφ νφλ νλ ω

λω

+ − + + +
+  

(1 )( )
} sinh . (59)

2
} ( )})

pq

pq pq pqH f h b
t

b
ω λ λ

λω λ
+ +

+  

From  Eqs. (58) and  (59), we obtain the tangential 
tensions 

1
, 0

sin( )16( , , ) cos( ) q
c p

m n q

yUx y t x
dh

µµτ λ
µ

∞

=

= − ∑  

cos( ) sin( ) exp( )( pq
pq pq

g te t f tω ω
λ λ

× − + −  

( )1exp cosh
2 2

( ){ ( )pq pq pqe g bH t t
λλ

λ λ λ
++

+ − −  

2 ( )( )
pq

pq

pq pqH f g
k
b

νφλ νλ ω

λω

+ + −
+  

(1 )( )
sinh , (60)

2
( )})

pq

pq pq pqH e g b
t

b
ω λ λ

λω λ
+ +

+  

2
, 0

sin( )16( , , ) cos( ) p
c q

m n p

xUx y t y
dh

λµτ µ
λ

∞

=

= − ∑  

cos( ) sin( ) exp( )( pq
pq pq

g te t f tω ω
λ λ

× − + −  

( )1exp cosh
2 2

( ){ ( )pq pq pqe g bH t t
λλ

λ λ λ
++

+ − −  

2 ( )( )
{

pq

pq

pq pqH f g
k
b

νφλ νλ ω

λω

+ + −
+  

(1 )( )
}sinh , (61)

2
( )})

pq

pq pq pqH e g b
t

b
ω λ λ

λω λ
+ +

+  
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for cosine and 

1
, 0

sin( )16( , , ) cos( ) q
s p

m n q

yUx y t x
dh

µµτ λ
µ

∞

=

= − ∑  

sin( ) cos( ) exp( )( pq

pq pq

h te t f tω ω
λ λ

× + + −  

1exp cosh
2 2

( ){ ( )pq pq pqf h bH t t
λλ

λ λ λ
++

+ − −  

2 ( )( )
{

pq

pq pq pqH H e h
k k

b

νφ νφλ νλ ω

λω

+ − + + +
+  

(1 )( )
}sinh , (62)

2
( )})

pq

pq pq pqH f h b
t

b
ω λ λ

λω λ
+ +

+  

2
, 0

sin( )16( , , ) cos( ) p
s q

m n p

xUx y t y
dh

λµτ µ
λ

∞

=

= − ∑  

sin( ) cos( ) exp( )( pq

pq pq

h te t f tω ω
λ λ

× + + −  

1exp cosh
2 2

( ){ ( )pq pq pqf h bH t t
λλ

λ λ λ
++

+ − −  

2 ( )( )
{

pq

pq pq pqH H e h
k k

b

νφ νφλ νλ ω

λω

+ − + + +
+  

(1 )( )
}sinh . (63)

2
( )})

pq

pq pq pqH f h b
t

b
ω λ λ

λω λ
+ +

+  

for sine oscillations of rectangular duct for Maxwell fluid. 

6.  Calculation of the volume flow rate  

The volume flow rate for cosine oscillations of the 
rectangular duct is given by 

0 0
( ) ( , , )

d h

cQ t u x y t dxdy= ∫ ∫ . 

Inserting ( , , )u x x t from Eq. (31) into the above relation, we 
find the volume flow rate 

2
, 0

64 1( ) cos( )
( )c

m n p q

UQ t Uhd t
dh

ω
λ µ

∞

=

= − ∑  

(1 )cos( ) sin( ) exp
2

{ ( )pq pq
H tc t d t λω ω
λ

+
× − + −  

{(1 )cosh
2

( )pq
pq

b
c t

λ
× −  

(1 )(1 ) 2
sinh , (64)

2
( )}}pq pq pq

pq

c H d b
t

b
λ λω

λ
− + +

+  

for cosine oscillations of the rectangular duct for Maxwell 
fluid. 
Similarly, we obtain the volume flow rate 

2
, 0

64 1( ) sin( )
( )s

m n p q

UQ t Uhd t
dh

ω
λ µ

∞

=

= − ∑  

(1 )sin( ) cos( ) exp
2

{ ( )pq pq
H tc t d t λω ω
λ

+
× + − −  

{ cosh
2

( )pq
pq

b
d t

λ
×  

(1 ) 2 (1 )
sinh . (65)

2
( )}}pq pq pq

pq

d H c b
t

b
λ λω

λ
+ − −

+  

for  the sine oscillations of the rectangular duct for Maxwell 
fluid. 

7. Flow through a rectangular duct oscillating due to 
pressure gradient 

Consider a Maxwell fluid at rest in a duct of 
rectangular cross-section whose sides are at 

0,x x d= = , 0y = and y h= . At time 0t += an 
oscillating pressure gradient is applied to the fluid in the z-
direction. The governing equations, initial and boundary 
conditions for this problem corresponding to Eqs. (13)- (15) 
become 

( , , ) 1(1 ) (1 )F x y t P
t t t z

λ λ
ρ

∂ ∂ ∂ ∂
+ = − +

∂ ∂ ∂ ∂
 

2 2

2 2

( , , ) ( , , )( )F x y t F x y t
x y

ν ∂ ∂
+ +

∂ ∂
 

(1 ) ( , , ) ( , , ), (66)H F x y t F x y t
t k

ν φλ ∂
− + −

∂
 

( , ,0)( , ,0) 0F x yF x y
t

∂
= =

∂
 

for ( , ) (0, ) (0, ), (67)x y d h∈ ×
(0, , ) ( , , ) ( ,0, ) ( , , ) 0 . (68)F y t F d y t F x t F x h t t= ∀= = =

Let us assume that at time 0t += , a pressure gradient is of 
the form 

exp( ), (69)P Q i t
z

ρ ω∂
= −

∂
 

where Q  is amplitude and ω is the frequency of oscillation. 
Using Eq. (69) in Eq. (66), we obtain 

( , , )(1 ) (1 ) exp( )F x y t Q i t
t t t

λ λ ω∂ ∂ ∂
+ = +

∂ ∂ ∂
 

2 2

2 2

( , , ) ( , , )( )F x y t F x y t
x y

ν ∂ ∂
+ +

∂ ∂

(1 ) ( , , ) ( , , ). (70)H F x y t F x y t
t k

νφλ ∂
− + −

∂
Employing the same methodology as in the previous case, 
we find the corresponding expressions of the velocity field 
under the form 
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, 0

sin( ) sin( )16( , , ) cos( ) p q

m n p q

x yQu x y t Q t
dh

λ µ
ω

λ µ

∞

=

= − ∑  

(1 )cos( ) sin( ) exp
2

{ ( )pq pq
H tt t λα ω β ω
λ

+
× − + −  

{(1 )cosh
2

( )pq
pq

b
tα

λ
× −  

(1 )(1 ) 2
sinh , (71)

2
( )}}pq pq pq

pq

H b
t

b
α λ λωβ

λ
− + +

+  

and 

, 0

sin( ) sin( )16( , , ) sin( ) p q

m n p q

x yQv x y t Q t
dh

λ µ
ω

λ µ

∞

=

= − ∑  

(1 )sin( ) cos( ) exp
2

{ ( )pq pq
H tt t λα ω β ω
λ

+
× + − −  

cosh
2

( ( )pq
pq

b
tβ

λ
×  

(1 ) 2 (1 )
sinh . (72)

2
( ))}pq pq pq

pq

H b
t

b
β λ λω α

λ
+ − −

+

where 
, (73)mn mn mnD iα β= +

 

mnα and mnβ are given by 
2 2

2 2 2 2
1 , (74)

(1 )( )
mn

mn
mn

H Z
Z H
λ ωα

λω ω λ
+

= −
− + + +

 

2 2

2 2 2 2

1 ( )
. (75)

(1 )

( )
( )

mn

mn
mn

k
K H

φω λ ω λν λ
β

λω ω λ

+ − +
=

− + + +
 

By taking 0t →  in Eqs. (71) and (72), we obtain 
the following transient components 

, 0

sin( ) sin( )16( , , ) p q
t

m n p q

x yQu x y t
dh

λ µ
λ µ

∞

=

= − ∑  

(1 )exp (1 ) cosh
2 2

{ ( )( ( )pq
pq

bH t tλ α
λ λ

+
× − −  

(1 )(1 ) 2
sinh , (76)

2
( ))}pq pq pq

pq

H b
t

b
α λ λωβ

λ
− + +

+  

, 0

sin( ) sin( )16( , , ) p q
t

m n p q

x yQv x y t
dh

λ µ
λ µ

∞

=

= − ∑  

(1 )exp cosh
2 2

{ ( )( ( )pq
pq

bH t tλ β
λ λ

+
× − −  

(1 ) 2 (1 )
sinh , (77)

2
( ))}pq pq pq

pq

H b
t

b
β λ λω α

λ
+ − −

−  

for 1 0Hλ+ > . 
Adopting a similar procedure as before, the expressions for 
the tangential tensions are given by 

1
, 0

sin( )16( , , ) cos( ) q
p

m n q

yQx y t x
dh

µµτ λ
µ

∞

=

= − ∑  

( ) exp ( ) exp ( )( pq pq

pq pq

i ti i t
ξ ψ

γ δ ω
λ λ

+
× + + −  

1exp
2

( )H tλ
λ

+
+ −  

( ) ( )
cosh

2
{ ( )pqpq pq pq pq bi

t
λγ ξ λδ ψ

λ λ
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× −  

( ) (1 4 (1 2 ) )
( p q p q

p q

H
b

λ γ ξ λ λ λ
λ

+
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22 (1 2 )
sinh

2
 ) ( )pq

pq

pq b
t

b
λ ωψ

λ λ
−

+  

2( ) 1 4 (1 2 ) 2( )
pq

pq pq H
i

b
λδ ψ λ λ λ λ ω

λ
+ − + − +

+  

sinh , (78)
2

( )})pq
b

t
λ

×

2
, 0

sin( )16( , , ) cos( ) p
q

m n p

xQx y t y
dh

λµτ µ
λ

∞

=

= − ∑  

( ) exp ( ) exp( )( pq pq

pq pq

i ti i t
ξ ψ

γ δ ω
λ λ

+
× + + −  

1
2

( )Hexp tλ
λ

+
+ −  

( ) ( )
cosh

2
 { ( )pqpq pq pq pq bi

t
λγ ξ λδ ψ

λ λ
+ + +

× −  

( ) (1 4 (1 2 ))
( p q p q

p q

H
b

λ γ ξ λ λ λ
λ

+
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sinh

2
 ) ( )pq

pq

pq b
t

b
λ ωψ

λ λ
−

+  

2( ) 1 4 (1 2 ) 2( )
pq

pq pq H
i

b
λδ ψ λ λ λ λ ω

λ
+ − + − +

+  

sinh (79)
2

 ( )}),pq
b

t
λ

×  

where 
, , (80)

pq pq pq pq pq pq
E i F iγ δ ξ ψ= + = +  

pq
γ ,

pq
δ ,

pq
ξ and

pq
ψ are given by 
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2 2 2

2 2 2 2 2

1 2 ( )

[ (2 ) ] [1 ( )]
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pq

pq
pq pq

k
H Z H Z

φλω λω ν λ ω
γ

λω λ ω λ λω
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− + + + + + −
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2 2
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1( ) 1
 

( )
 

pq pq

pq

pq k
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= =

++ +
 

From Eqs. (78) and (79), we obtain the tangential tensions 

1
, 0

sin( )16( , , ) cos( ) q
c p

m n q

yQx y t x
dh

µµτ λ
µ

∞

=

=− ∑  
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pq pq

tt t
ξ

γ ω δ ω
λ λ
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( )1exp cosh
2 2

( ){ ( )pqpq pq bH t t
λγ ξλ
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+ −  

( )(1 4 (1 2 ))
( p q p q

p q
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2
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λ ωψ

λ λ
−

+  

2
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λ ωψ
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corresponding to cosine and 

1
, 0
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dh

µµτ λ
µ

∞

=

=− ∑  
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×
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( )1exp cosh
2 2
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+  

sinh . (87)
2

( )})pq
b

t
λ

×

sine oscillations due to oscillating pressure gradient. 
 The volume flow rates for cosine and sine 
oscillations induced by oscillating pressure gradient are 
given by 

2
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dh
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∞

=

= − ∑  
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λ

+
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b
tα

λ
× −  

(1 )(1 ) 2
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2
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2
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b
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+  

8-  Results and discussion 

This section displays the graphical illustration of the velocity 
fields, the corresponding tangential tensions and volume 
flow rate for the flow discussed above. Figs. 1-3 are 
sketched to notice the effect of material parameters on the 
velocity profile for sine oscillations of Maxwell induced by 
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oscillating pressure gradient. In Fig. 1, transient velocity 
profile is plotted against time for various values of relaxation 
timeλ . It is seen that the amplitude of oscillation of velocity 
increases and the required time to reach the steady state also 
increases as λ increases. The decay of transient velocity in 
time is plotted in Fig. 2 for different values of angular 
frequencyω . From this Fig., it is concluded that the 
amplitude of oscillation as well as the time to reach the 
steady increases for increasingω . From Fig. 3, it is seen that 
the amplitude of oscillation increases with increase inν . 
Now we intent to investigate the magnetic and porosity 
effects on the velocity, tangential tension and volume flow 
rate for the two flow problems. In Figs. 4-9 panel (a) shows 
the effect of magnetic parameter and panel (b) the effect of 
porosity of medium. In Fig. 4, we plotted transient velocity 
profiles for sine oscillations of rectangular duct against time. 
It predicts that the transient velocity decreases with increase 
in the magnetic parameter and porosity of medium and the 
required time to reach the steady state also decreases. Fig. 5 
shows that magnetic parameter and porosity of medium 
decrease the transient velocity profiles for the case of sine 
oscillations induced by oscillating pressure gradient. 
From Figs. 6 and 7, it is seen that the volume flow rate 
decreases with the increase of magnetic parameter and 
porosity of medium for the both flow problems. Figs. 8 and 
9 are sketched to demonstrate the velocity changes with the 
magnetic parameter and porosity of medium for sine 
oscillations of the duct and sine oscillations induced by 
oscillating pressure gradient. It is seen that amplitude of 
oscillation of velocity in magnitude decreases with the 
increase of these parameters for the both problems but 
periodicity remains the same. 
The fluctuations of the tangential tensions for sine 
oscillations of rectangular duct, 1sτ , verses time are shown 

in Figs. 10 and 11 for H and φ respectively. From Fig. 

10(a) it is noted that the tangential tension, 1sτ , changes its 

monotony with respect to H for small time. For large time, 
when the flow reaches the steady state amplitude of 
oscillation of tangential tension, 1sτ ,increases with 
increasing H  as depicted in Fig. 10(b). Similarly, Fig. 11 
shows that the effect of φ on the tangential tension, 1sτ , is 

the same as that of H . The effect of H andφ on the 

tangential tension, 1sτ , for the case of sine oscillations 
induced by oscillating pressure gradient is shown in Fig. 12 
and it is seen that there is no significant effect initially and 
later for any time tangential tension, 1sτ increases with the 
increase of these parameters. 

9-  CONCLUSIONS 
Unsteady flow of Maxwell fluid through porous rectangular 
duct in the presence of magnetic field has been studied for 
two flow situations by means of the double finite Fourier 
sine and Laplace transforms. The relaxation time, frequency 
of oscillation and kinematic viscosity increase the amplitude 

of oscillation of velocity. The transient velocity profile and 
the time to reach the steady state decrease with the increase 
of magnetic field strength and porosity of medium. Volume 
flow rate decreases while the tangential tension increases 
with the increase of H andφ . In the special cases, we can 
obtain the solutions corresponding to the Maxwell and 
Newtonian fluids. We can obtain the corresponding 
solutions for Maxwell fluid by substituting 

0H = and 0φ = , for Maxwell fluid in the presence of 
magnetic field by substituting 0φ = and for Newtonian fluid 
by substituting 0H = , 0φ = and 0λ → . 
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Fig. 1 Transient velocity profiles of sine oscillations given in 
Eq. (36) for Maxwell fluid induced by oscillating pressure 
gradient for different values ofλ . Other parameters and 
values are taken as 0.1,U = 1,d =  2,h=  0.5,x=  1y = , 0.01,k =  0,φ = 0,M = 0.5ω = and 0.2ν =  

 
Fig. 2 Transient velocity profiles of sine oscillations given in 
Eq. (36) for Maxwell fluid induced by oscillating pressure 
gradient for different values ofω . Other parameters and 
values are taken as 

0.1,U = 1,d = 2,h = 0.5,x = 1,y =  0.01,k = 0,M = 0,φ = 2λ=  and 0.2ν = . 
 

 
Fig. 3 Transient velocity profiles of sine oscillations given 
in Eq. (36) for Maxwell fluid induced by oscillating 
pressure gradient for different values of ν . Other 
parameters and values are taken 
as 0.1U = , 1d = , 2h = , 0.5x = , 1y = , 0.01,k =  0M = , 0φ = , 3λ = and 0.5ω =  

 
Fig. 4 Transient velocity profiles of sine oscillations given in 
Eq. (36) for Maxwell fluid in oscillating rectangular duct for 
different values of (a) magnetic parameter and (b) porosity 
of medium. Other parameters and values are taken as 

1U= , 1d = , 2h = , 0.5x= , 1y = , 0.01k= , 3λ = , 0.5ω =  and 0.1ν = . 
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Fig. 5 Transient velocity profiles of sine oscillations 
induced by oscillating pressure gradient given in Eq. (77) 
for different values of (a) magnetic parameter and (b) 
porosity of medium. Other parameters and values are taken 
as 0.1U= , 1d = , 2h = , 0.5x = , 1y = , 

0.1k = , 0.5ω =  and 0.1ν = . 

 
Fig. 6 Volume flow rate of sine oscillations given in Eq. 
(65) for Maxwell fluid in oscillating rectangular duct for 
different values of (a)  magnetic parameter and (b) porosity 
parameter. Other parameters and values are taken as 

1U = , 1d = , 2h = , 0.1x = , 0.2y = , 0.1k= , 
0.5λ = , 0.5ω =  and 0.1ν = . 

 
Fig. 7 Volume flow rate of sine oscillations induced by 
oscillating pressure gradient given in Eq. (89) for different 
values of (a) magnetic parameter and (b) porosity of 
medium. Other parameters and values are taken as 

2U = , 1d = , 2h = , 0.5x = , 0.5y= , 0.1k = , 
3λ = 0.5ω =  and 0.1ν = . 

 
 

Fig. 8 Velocity profiles of sine oscillations of oscillating 
rectangular duct given in Eq. (32) for Maxwell fluid for 
different values of (a) magnetic parameter and (b) porosity 
of medium. Other parameters and values are taken 
as 1U = , 1d = , 2h = , 0.1x = , 0.2y= , 

0.1k = , 0.5λ= , 0.5ω=  and 0.1ν = . 
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Fig. 9 Velocity profiles of sine oscillations induced by 
oscillating pressure gradient given in Eq. (72) for different 
values of (a) magnetic parameter and (b) porosity of 
medium. Other parameters and values are taken as 

2U = , 1d = , 2h = , 0.5x= , 0.5y= , 0.1k = , 
3λ = , 0.5ω =  and 0.1ν = . 

 
Fig. 10 Tangential tensions 1sτ  of sine oscillations of 
rectangular duct (Eq. (62)) for Maxwell fluid for different 
values of H . Other parameters and values are taken 
as 1U= , 1d = , 2h = , 0.5x = , 0.5y = , 

0.1k = , 3λ = , 0.5ω =  and 0.0012ν = . 

 
Fig. 11 Tangential tensions 1sτ of sine oscillations of 
rectangular duct (Eq. (62)) for Maxwell fluid for different 
values ofφ . Other parameters and values are taken as 

1U= , 1d = , 2h = , 0.5x = , 0.5y= , 
0.1k = , 3λ = , 0.5ω =  and 0.0012ν = . 

 

Fig. 12 Tangential tensions 1sτ of sine oscillations induced 
by oscillating pressure gradient (Eq. (86)) for different 
values of H andφ . Other parameters and values are taken 

as 1U = , 1d = , 2h = , 0.5x = , 0.5y = , 
0.01k = , 0.5λ= , 0.5ω=  and 0.0012ν = . 
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